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I .  INTRODUCTION 
This paper contains the results of an investigation into the response of a 
simple on-off control system to periodic input signals. The system (see [1]) 
is assumed to be governed by the piecewise-linear ordinary differential 
equation of second order 
d2x 
dt 2 + x + sgn x =f ( t ) ,  (1) 
where 
x _ l+ l  (x>0) 
sgn x = signum x --  [ x] --  1 (x < 0) (2) 
andf(t)  is a given periodic function of t, which we shall call the input signal. 
The special case 
f ( t )  = A sin oJt, A constant, (3) 
has been considered in [1]. 
Two types of results are obtained here. First of all, exact analytic expres- 
sions for periodic responses, of harmonic and subharmonic type, are derived. 
These are obtained initially in a formal manner, by a method equivalent to 
that of Tsypkin [2], and then conditions are established for their validity 
(Sections I I I -VI ,  IX). 
Secondly, using these explicit representations of periodic solutions, we 
show that for certain classes of periodic inputs various superposition pro- 
perties hold (Sections VII,  VI I I ,  X). Perhaps the most striking of these is 
the following. 
* This research was supported by the United States Air Force through the Air 
Force Office of Scientific Research of the Air Research and Development Command, 
under Contract Number AF 49 (638)-514. The manuscript was revised and prepared 
for publication while the author was on leave at the U. S. Army Mathematics Research 
Center, University of Wisconsin. 
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Given a positive integer n and a number co > 1, suppose that fl(t), f2(t), 
• .., f~(t) are all members of a certain class of functions P~, defined in Sec- 
tion I I  below. Then it is shown that each of the input signalsfi(t), i = 1, -", n, 
possesses a (harmonic) response of period 27r/oJ, and furthermore that the 
average of these inputs also possesses a harmonic response, which is, indeed, 
just the average of the responses to each offl(t), '", f~(t). 
We see then that on-off control systems may display both nonlinear 
features (subharmonic oscillation) and linear features (superposition), which 
means that they occupy an intermediate position, so to speak, somewhere 
between linear and orthodox nonlinear systems. A general treatment of 
limited superposition in piecewise-linear systems will be given in a future 
paper. 
The author wishes to thank Professor C. E. Lemke for pointing out the 
special role played by convex linear combinations in the superposition results 
developed below. 
II .  CLASSES OF FUNCTIONS 
We shall always assume the independent variable t, all functions of t, 
and all constants to be real-valued. 
Given a number co, we denote by I~ the open interval (k --  1)~r/~o < t < 
k~r/co, for any integer k. 
Let Po~ denote the class of functions of t which are odd, continuous every- 
where, and periodic with the period 27r/w. For f(t)  ~ P~o, 
f(2r;/co --  t) =f( - -  t) = - - f ( t )  (4) 
and 
f(nzr/oJ) = 0, n = 0, 4- 1, 4- 2,-" .  (5) 
If, in addition, such anf(t )  has a piecewise continuous first derivative, it may 
be expanded in a Fourier sine series: 
f ( t )  = ~ b, sin mot, (6) 
n=l 
where the coefficients bl, bz, ... are given by the usual formula. 
Let P+(P-£) denote the subclass of Po~ whose members have positive (nega- 
tive) values throughout he interval 11: 0 < t < ~r/oJ. I f  f (t)  ~ P+~, it follows 
from (4) thatf(t)  < 0 on 12: zr/co < t < 27r/oJ. 
For any positive integer n, P~o~ C P~. This observation will be useful in 
the discussion of subharmonic response. 
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We shall only admit solutions x(t) of (1) which are continuously differen- 
tiable, with piecewise continuous second erivatives ; these are the most regular 
solutions which can be sought, in view of the fact that sgn x may change 
discontinuously while f (t)  is assumed to be continuous. 
It will be assumed henceforth that oJ > 1. 
III. ASSOCIATED LINEAR PROBLEM 
Before considering periodic solutions of the nonlinear differential equa- 
tion (1), we note several results about he forced harmonic oscillator equation 
+ x =f ( t ) ,  (7) 
where 50 denotes d~x/dt 2. Suppose, for fixed ~o, that f ( t )  ~ Po. Then Eq. (7) 
has a unique periodic solution of period 2rr/o~, which will be denoted by x1(t ). 
Iff(t) has a Fourier series expansion of the form (6), then x1(t ) may be written 
bo 
xs(t ) = L[f(t)] --~=1 1 --  n2 J  sin not. (8) 
L symbolizes the linear operation on f ( t )  which yields the periodic solution 
of (7), x1(t ). An integral representation for x1(t ) = L[f(t)], valid for any 
f(t) E Po, is the following, obtained by the method of variation of para- 
meters (e.g., see [3]): 
x,(t) : L[f(t)] : (sin ~) -1  [sin ( t -  ~-) flf(~" ) sin T dT 
q-s in t f~/ ' f ( - r )  s in (~ ' - - -~)d , ] .  " (9) 
By use of (9) the following result has been proved in [4]: 
LEMMA. When ~, > 1, f(t) e P~ implies x1(t ) ~ P~. 
In other words, whenf(t) has a fixed sign on 11, xs(t ) will have the opposite 
sign on this interval; indeed, since xs(t ) may be shown to share the property 
(4), the two functions will have opposite signs for all values of t except 
t = jrr/oJ, j = 0, ~- 1, -4- 2, "", where they both vanish. 
This lemma extends a well-known result--namely, that when a simple 
harmonic oscillator is subjected to a sinusoidal forcing function whose 
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frequency is greater than the natural frequency of the oscillator, the periodic 
response will be 180 ° out of phase with the applied force. When the forcing 
frequency is smaller than the natural frequency, in the case of sinusoidal 
forcing, the response is exactly in phase with the applied force. The latter 
result, however, can not be generalized to the case of an arbitrary periodic 
forcing function in P+ or P~, as is shown in [4]. 
IV. FORMAL HARMONIC SOLUTION 
Suppose f(t) e P,,. We first derive formal expressions for certain periodic 
solutions of (1) with period 2~r/oJ. Following the procedure employed in 
treating the function f(t)  = A sin oJt, in [1], we look for solutions in the class 
P+ or P~. These are the simplest solutions having the same period as f(t) ;  
they will be called "harmonic" and will be denoted by xt~(t;f), also at times 
by x~(t;f). 
We do not claim that harmonic solutions are the only ones of period 2~r/oJ ; 
indeed, even they are not unique. It will be seen that for a given f(t) c P~ 
there exist exactly two, one, or no harmonic solutions. No attempt is made 
here to investigate the totality of solutions of period 27r/w. 
By definition a harmonic solution is to be of one sign on I 1:0 < t < ~r/oJ 
and of opposite sign on /2: ~r/oJ < t < 2~/~. To be specific, suppose that 
xh(t;f) has positive and negative values on /1 and I~ respectively. Then 
according to (2), xh(t; f )  must satisfy a different linear differential equation 
in each interval: 
+ ~ = - 1 +f i t )  (t e I1 )  
~+~= +l+f ( t )  (t eI~) 
( lo )  
xh(t;f) may thus be expressed as a sum of two functions, 
x~(t;f) = xo~(t) + x1(t), ( l l )  
where x1(t ) is given by (8) or (9) and x~(t) is a solution of 
+ x = - 1 (t e I1) (12+) 
+ x = + 1 (t ~ I~) (12-) 
Furthermore, xo~(t) must vanish at t = jrr/oJ, j = 0, 1, 2, "", since this is 
true of both xn(t;f) and x1(t ). 
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The general solutions of (12+) and 12_) are 
~(t )  = I 
x+(t) = A cos t + B sin t - -  1 ( tah)  (13+) 
x_(t) = C cos t + D sin t + 1 (t ~ I2) (13_) 
respectively, where A, B, C, D are arbitrary constants. When we substitute 
these expressions in the equations 
x+(O) = x+(~r/o~) = x_(,r)o) = x_(2~-/a,) = O, (14) 1 
we obtain, after some manipulation, 
where 
l+rcos(~-m- - t  ) ( t~I1)  
~o(t) = 
1-  r cos ( -~- -  t ) ( t~ I2)  
(15) 
7r (16) r = sec 2~-" 
Because of the periodicity requirement on x~(t), the expressions for 
x+(t) and x_(t) in Eqs. (13) must also hold on the intervals I~+~ : 2kTr/oJ < 
t < (2k @ 1)rr/~o and I21c+2, respectively, for k = 1, 2, 3, ""; also, x+(t) must 
vanish at the endpoints of 12k+1 and x_(t) at the endpoints of 127~+ ~. Upon 
subjecting the expressions (13+) and (13_) to these conditions, we obtain 
the complete specification of x~(t): 
- -1  +rcos( (4k  
x 
+ 1 --  r cos "/(4k 
\ 
+ 1)~ ) 
2oJ t (t ~ I2k+1 ) 
+ 3) ~r _ t) (t e I2k+2 )
2co 
(17) 
where k = 0, 1, 2, -'-. Since co > 1, xo(0) = tan 1r/2~o > 0, and therefore 
x~(t) > 0 on 11. 
Solutions of Eq: (12) may be represented by trajectories in an x, 2-plane 
(phase plane). The trajectories in this case are made up of circular arcs 
centered at the points 2 = 0, x = 4- 1. In [1] the expressions (15) and (17) 
for xo(t) [there denoted by xl(t)] are found by a geometrical argument 
employing these trajectories. 
1 The middle equality expresses the continuity of x,o(t ) at t = ~r/co. 
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V. MULTIPLICITY OF HARMONIC SOLUTIONS. 
GENERAL CONDITIONS FOR VALIDITY 
The function xh(t;f ) given by (11) vanishes at t = j~r/co, j = O, 1, 2, "", 
and is periodic with period 2rc/w. The expressions for xh(t;f) and xo(t) have 
been derived, however, under the assumption that x~ (and also x~) is positive 
on 11 and negative on 12. In this sense xh(t;f ) is only a formal solution: 
not until we know that xl,(t:f) really changes ign in this manner--i.e., not 
until we find appropriate conditions on the function f(t) which insure the 
correct sign for x~ = xf + xo,--can we say that the periodic function xt~(t;f) 
is indeed a (harmonic) periodic solution of (1). 
The choice of the sign of xh on I 1 was an arbitrary one. What is essential 
in the above discussion is that xh be of constant sign on I1; if it is negative 
there, the terms + l and -- 1 in Eqs. (10) and (12) must be interchanged, 
and it is readily seen that the appropriate xpression for the formal harmonic 
solution will then be 
xl,(t ; f )  = -- x~(t) + x1(t ). 
Defining the two functions x + and x~ by 
x~(t ; f )  = ~(t) ± ~(t) ,  (18) 
we see that x+(t;f) is a harmonic solution of (1) if and only if it is positive 
on I1, i.e., if and only if x,, > -- x s on/1, while x~(t;f) is a harmonic solution 
if and only if it is negative on 11. This result may be stated as follows. 
THEOREM 1. Given oJ > 1, suppose f(t) e P~. Then the function 
~(t ; f )  = & ~(t )  + ~s(t), 
where xo~(t) and xe(t) are defined by (15) and (9) respectively, is a (harmonic) 
periodic solution of (1), of period 2~/w, if and only if 
x,o(t) > T x~(t) (o < t < ~-/,~). (19) 
Thus (1) possesses two, one, or no harmonic solutions according as xo(t) 
is greater on I 1 than both x1(t ) and -- x~(t), only one of them, or neither. 
Since xs(t) and oJ are completely determined by f(t), it depends entirely 
onf( t )  which, if any, of the conditions (19) holds. It is impossible to reduce 
(19) to more explicit conditions for all f(t) ~ P~. It is possible, however, in 
case f(t) e P+ or P~. 
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VI, EXISTENCE OF HARMONIC SOLUTION WHEN f(/)  HAS FIXED SIGN ON./1 
Since x~(t) > 0 on I:, at least one of the inequalities (19) will be true if 
x~(t) has a fixed sign on/1. I f  xl(t ) > 0 on/1, then according to the theorem, 
x+(t;f) is a valid harmonic solution of (1). Similarly, if x~(t)< 0 on /1, 
x~(t ; f )  is a valid harmonic solution. According to the lemma in Section I I I ,  
however, xf(t)~ P+ whenever f ( t )E  P~, and vice versa, which yields the 
following. 
THEOREM 2. I f  f (t)  ~ P+(P~), Eq. (1) has at least one harmonic periodic 
solution, xT~(xh) ~- which is contained in Po,(Po).- + 
Whether the other of the functions x~(t;f)  is also actually a harmonic 
solution depends not on the sign of xs(t), but on its magnitude, i.e., on whether 
xo(t) > [ x±(t) ] on I1, which is not easily translated into a condition on f(t). 
v i i .  SUPERPOSITION OF FORCED COMPONENTS OF HARMONIC RESPONSES 
Since xl(t ) = L[f], where L is the linear operator defined by (9), Eq. (18) 
says that each of the formal harmonic solutions x~ may be expressed as 
the sum of one term which is linear in the input and another term 
which depends on aJ but is otherwise independent of the particular input 
function. The latter, either x~(t) or --  x~,(t), represents a "free" oscillation 
of  the system of period 2,r/co, while xf(t) is the "forced" component in the 
harmonic response. The next theorem follows readily from Theorem 2 and 
from the linearity of the operator L. It states that under certain conditions the 
forced components of harmonic responses are governed by a superposition 
principle. 
THEOREM 3. Suppose f(t)  and g(t) are elements of I~. Then 
x+~(t;f) = x,~(t) 4- L[f]  
x+(t; g) = x,(t)  + L[g] 
are, respectively, valid harmonic solutions of (1) associated with f(t) and g(t). 
Furthermore, for arbitrary positive numbers ~ and fi, the function [~f(t) + fig(t)] 
is again in P~, and 
x~(t; af + fig) = x (t) + LEaf + fig] = xo,(t ) + aL[f] + fiL[g] 
is a valid harmonic solution associated with it. 
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Obvious changes of sign will yield a similar result for f(t) and g(t) in P+ 
and harmonic solutions of the x£ type. 
The conditions in Theorem 3, as in Theorem 2, are sufficient, not neces- 
sary. 
VII I .  STRICT SUPERPOSITION IN THE CASE OF CONVEX LINEAR COMBINATIONS. 
AVERAQES 
Given the real number a, such that 0 < ~ < 1, the function 
~[(t) + (1 -- ~) g(t) 
is called a convex linear combination of f(t)  and g(t). Similarly, for 
positive constants al, a2, "", a~ whose sum is 1, the sum 
alf l(t ) 4- "" 4- %f~(t) (20) 
is a convex linear combination of the set of functions fl(t), ..., fn(t). Convex 
linear combinations are special kinds of weighted averages. 
Clearly i f f l  , ..., f~ are elements in -Po, the convex linear combination (20) 
(indeed, any linear combination of them) is also in P~. Multiplying the 
formal expression x+~(t; f J  = x~(t) _u L[f~] by a i and summing with respect 
to i from 1 to n, we obtain 
~r~+(t;f0 4-.-. + %x+(t;f,) 
= (~1 + "' + an) xo(t) + ~lL[f~] + ... + %L[f~] 
= xo(t) + L[a~f~ + ... + anf~]. 
But the right member is just 
x+(t; %f l  + "" 4- %f~). 
Thus, for inputs in P~, the formal harmonic responses of either the x + or 
x~ type are linearly related to the inputs, under convex linear combinations. 
Now when fl, "", f~ are members of P~, so is any convex linear combination 
of these. We know in this case that the associated formal harmonic responses 
of the x + type are all valid. We have, then, the following result. 
THEOREM 4. For input functions in P~(P+), the harmonic responses of the 
x+(x~) type are valid and are linear in the inputs under convex linear combina- 
tions. 
Since convex linear combinations are weighted averages, this theorem 
yields the surprising result that the average of the harmonic responses, of 
IO 
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X~(X~) type, to a set of inputs in P-~(P+~) is just the corresponding response 
to the average of the inputs. 
IX. SUBHARMONIC RESPONSE 
By a subharmonic solution of (1) we mean a periodic solution, of smallest 
period 2~r/m, whenf(t)  has smallest period 27r/mo (n a positive integer > 1); 
we then speak of a "subharmonic of nth order." Results about subharmonics 
may be obtained from the treatment of the harmonic case by specializing 
appropriately the inputsf(t). 
THEOREM 5. Suppose f(t)  ~ P~,  where co > 1 and n is a positive integer 
greater than one. Then the function x~(t; f )  = + xo~(t) + x1(t ), where xo~(t) and 
x1(t ) are defined by (17) and (9) respectively, is a periodic solution of (1), of 
period 2~/~, provided 
xo~(t) > ~: xj(t) (0 < t < ~r/,,). 
PROOF. Because there is no possibility of resonance in Eq. (7), it has the 
particular solution x~(t), which is contained in P~.  Therefore, as noted in 
Section II, xl(t ) e P~ and the functions x~(t ;f), which have period 2~r/oJ, are 
formal subharmonic solutions of nth order, since the input f (t)  has period 
2rr/noJ. Theorem 1 now supplies the sufficient conditions for the validity of 
these formal solutions, from which Theorem 5 follows. 
Suppose x+(t;f) is a valid subharmonic solution. Then there are (n --  1) 
more which may be obtained from x + by a translation of its graph along the 
t-axis by the amounts 2rrj/n~o, j = 1, 2, "', (n -- 1). In other words, for the 
"initial instant", at which sgn x is assumed to switch in value from -- 1 to 
+ 1, we may take, instead of t = 0, any one of the zeros off(t), t -~ 2rrj/noJ, 
j = 0, 1, .", (n -  1), and proceed accordingly with the construction of 
x~(t), etc. 
We have then n distinct (though simply related) subharmonic solutions 
of the type of x +, if x+(t; f )  is itself a valid subharmonic solution. Obviously 
identical considerations apply to the x~. From the above theorem, we thus 
conclude that there exist exactly 2n, n, or no subharmonic solutions of the type 
derived here. 
X. SUPERPOSITION OF SUBHARMONICS 
We remark finally that if two or more inputs are odd, continuous, and 
periodic, with commensurable frequencies, superposition results hold for 
those subharmonic responses which have a common frequency. 
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For example, suppose oJ > 1 and let m and n be positive integers (not 
necessarily distinct). Iff(t) ~ P~., and g(t) ~ P~o, xAt) ~ P~ and x~(t) ~ P~o; 
therefore xj(t) and xg(t) are both in P~, and so is L[ f  + g] = x1(t ) + xg(t). 
Then the function x~(t; f  + g) ---- ~ x~(t) + xs(t ) + xg(t), which has period 
2~r/oJ, is a valid periodic solution of (1), with r ight-hand side f ( t )+g( t ) ,  
provided xo,(t) > T [xl(t) + xg(t)] on I 1. 
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